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Based on the previous paper arXiv:1207.5309, we investigate the possibility to ﬁnd out the bulk viscosity
of dual ﬂuid at the ﬁnite cutoff surface via gravity/ﬂuid correspondence in Einstein–Maxwell gravity.
We ﬁnd that if we adopt new conditions to ﬁx the undetermined parameters contained in the stress
tensor and charged current of the dual ﬂuid, two new terms appear in the stress tensor of the dual ﬂuid.
One new term is related to the bulk viscosity term, while the other can be related to the perturbation
of energy density. In addition, since the parameters contained in the charged current are the same, the
charged current is not changed.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
The AdS/CFT correspondence [1–4] provides a remarkable con-
nection between a gravitational theory and a quantum ﬁeld the-
ory. According to the correspondence, the gravitational theory in
an asymptotically AdS spacetime can be formulated in terms of a
quantum ﬁeld theory on its boundary. In particular, the dynam-
ics of a classical gravitational theory in the bulk is mapped to a
strongly coupled quantum ﬁeld theory on the boundary. Therefore,
AdS/CFT provides a useful tool and some insight to investigate the
strongly coupled ﬁeld theory from the dual classical gravitational
theory [5,6].
Since the discovery of the AdS/CFT correspondence, there has
been much work studying the hydrodynamical behavior of the
dual quantum ﬁeld theory using this correspondence [7–10], and
a simple reason is that the hydrodynamics can be an effective
description of any interacting quantum ﬁeld theory in the long
wavelength limit, i.e. when the length scales under consideration
are much larger than the correlation length of the quantum ﬁeld
theory. Furthermore, as the long wavelength limit of the AdS/CFT
correspondence, the gravity/ﬂuid correspondence has also been
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SCOAP3.proposed in [11]. The big advantage of the gravity/ﬂuid correspon-
dence is that it can provide a systematic way to map the boundary
ﬂuid to the bulk gravity. Besides the ﬁrst order stress-energy ten-
sor, the charged current of dual ﬂuid can be obtained by using
the gravity/ﬂuid correspondence [12–18]. Furthermore, it has been
shown that the chiral magnetic effect (CME) and the chiral vortical
effect (CVE) can be brought into the hydrodynamics via this cor-
respondence after adding the Chern–Simons term of Maxwell ﬁeld
in the action [15,16,19–21].
Note that the dual ﬁeld theory in AdS/CFT correspondence or
gravity/ﬂuid correspondence usually resides on the boundary with
inﬁnite radial coordinate, and the corresponding dual ﬁeld or ﬂuid
is conformal. In fact, the AdS/CFT correspondence can also be used
to studying non-conformal ﬂuids. A simple way of achieving this
is to break the conformal symmetry by introducing a ﬁnite cutoff
on the radial coordinate in the bulk, and it has been shown that a
Navier–Stokes (NS) ﬂuid can live on the cutoff surface r = rc , which
implies a deep relationship between the NS equations and gravi-
tational equations [29,31–37]. Moreover, from the renormalization
group (RG) viewpoint, the radial direction of the bulk spacetime
corresponds to the energy scale of the dual ﬁeld theory [22–25].
The inﬁnite boundary corresponds to the UV ﬁxed point of the
dual ﬁeld theory, and hence cannot be reached by experiments.
Therefore, the physics at a ﬁnite cutoff surface r = rc which means
a ﬁnite energy scale becomes important, and the dependence of
transport coeﬃcients of dual ﬂuid on the cutoff surface rc canunder the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by
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eral approaches investigating the RG ﬂow, such as the Wilsonian
ﬂuid/gravity [29], the holographic Wilsonian RG [26,27] and the
sliding membrane [28]. It has been found that these apparently
different approaches can be equivalent [30]. In addition, following
the spirit of the gravity/ﬂuid correspondence [29,33,35], the inves-
tigation of the dual ﬂuid on inﬁnite boundary has also been gener-
alized to a ﬁnite cutoff surface, which contains the Chern–Simons
term of the Maxwell ﬁeld in the bulk [49]. A little difference from
the case with inﬁnite boundary, the ﬁrst order stress-energy ten-
sor and charged current of the dual ﬂuid at the ﬁnite cutoff sur-
face contain several undetermined parameters which relate to the
boundary conditions and gauge conditions. In order to ﬁx these pa-
rameters, the Dirichlet boundary condition and Landau frame have
been chosen in Ref. [49]. It has been found that the dual ﬂuid on
the hypersurface is non-conformal, which is expected from the fact
that the conformal symmetry has been broken with a ﬁnite radial
coordinate in the bulk. The shear viscosity takes the same value
as that at the inﬁnite boundary [38–40]. However, the dual stress
tensor has zero bulk viscosity. Usually, nonzero bulk viscosity can
also break the conformal symmetry of dual ﬂuid. Therefore, how
the nonzero bulk viscosity of dual ﬂuid can appear at the ﬁnite
cutoff surface is the main issue focused on in this Letter. A sim-
ple result is that the bulk viscosity can be obtained if we let the
energy density of ﬂuid perturb, which means relaxing the usually
chosen Landau frame condition, i.e. T (1)vv = 0.
The rest of the paper is organized as follows. In Section 2, we
present a review containing the main results in [49]. Particularly,
we point out the Dirichlet boundary condition and Landau frame
to ﬁx the undetermined parameters, and obtain the dependence of
transport coeﬃcients on the radial cutoff rc . In Section 3, a new
conditions are chosen to ﬁx the undetermined parameters, and the
bulk viscosity can appear under this new conditions. Section 7 is
devoted to the conclusion and discussion.
2. Review: holographic charged ﬂuid at ﬁnite cutoff surface
In this section, we will give a simple review to show the main
results in [49], which uses the gravity/ﬂuid correspondence to gen-
eralize the dual charged ﬂuid on the inﬁnite (conformal) bound-
ary to the ﬁnite cutoff surface, with a ﬁve-dimensional Einstein–
Maxwell gravity with Chern–Simons term in the bulk.
The action of the ﬁve-dimensional Einstein–Maxwell gravity
with Chern–Simons term is
I = 1
16πG
∫
M
d5x
√
−g(5)(R − 2Λ)
− 1
4g2
∫
M
d5x
√
−g(5)
(
F 2 + 4κcs
3
LABCD AL F AB FCD
)
. (2.1)
The equations of motion are
RAB − 1
2
RgAB + ΛgAB − 1
2g2
(
F AC F B
C − 1
4
gAB F
2
)
= 0,
∇B F B A − κcsABCDE F BC F DE = 0 (2.2)
and the starting point is the ﬁve-dimensional charged RN–AdS
black brane solution [41,43,42]
ds2 = dr
2
r2 f (r)
+ r2
(
3∑
i=1
dx2i
)
− r2 f (r)dt2, (2.3)
where
f (r) = 1− 2M
4
+ Q
2
6
, F = −g 2
√
3Q
3
dt ∧ dr. (2.4)
r r rNote that, the RN–AdS black brane solution still solves Eq. (2.2)
even in the presence of Chern–Simons term. From (2.3), the outer
horizon of the black brane is located at r = r+ , where r+ is the
largest root of f (r) = 0, and its Hawking temperature is
T+ = (r
2 f (r))′
4π
∣∣∣∣
r=r+
= 1
2πr3+
(
4M − 3Q
2
r2+
)
. (2.5)
In order to avoid the coordinate singularity, one can write the
above black brane solution in the Eddington–Finkelstein coordinate
system
ds2 = −r2 f (r)dv2 + 2dv dr + r2(dx2 + dy2 + dz2),
F = −g 2
√
3Q
r3
dv ∧ dr, (2.6)
where v = t + r∗ , and r∗ is the tortoise coordinate satisfying dr∗ =
dr/(r2 f ).
Since the holographic charged ﬂuid is considered at some cut-
off hypersurface r = rc (rc is a constant), thus it is useful to make a
coordinate transformation v → v/√ f (rc) in the solution (2.6), and
the simple reason is explicitly making the induced metric on the
cutoff surface conformal to ﬂat metric, i.e. the cutoff surface with
metric ds2 = r2c (−dv2 + dx2 + dy2 + dz2). It should be pointed that
the Hawking temperature is expressed as T = T+/
√
f (rc) with re-
spect to the killing observer (∂/∂v)a in the new coordinate system,
and the RN–AdS black brane solution becomes
ds2 = − r
2 f (r)
f (rc)
dv2 + 2√
f (rc)
dv dr + r2(dx2 + dy2 + dz2),
F = −g 2
√
3Q
r3
√
f (rc)
dv ∧ dr. (2.7)
Since we expect to obtain the transport coeﬃcients of dual ﬂuid
at ﬁnite cutoff surface like shear viscosity η, which usually needs
the non-constant velocity of ﬂuid. Therefore, we can ﬁrst give the
above static black brane a constant velocity through a boosted
transformation, which obtains the ﬁve-dimensional boosted RN–
AdS black brane solution
ds2 = − r
2 f (r)
f (rc)
(
uμ dx
μ
)2 − 2√
f (rc)
uμ dx
μ dr + r2Pμν dxμ dxν,
A =
√
3gQ
r2
√
f (rc)
uμdx
μ, (2.8)
with
uv = 1√
1− β2i
, ui = βi√
1− β2i
, Pμν = ημν + uμuν
(2.9)
where xμ = (v, xi) is the boundary coordinates, velocities β i
are constants, Pμν is the projector onto spatial directions, and
the boundary indices (μ,ν) are raised and lowered with the
Minkowski metric ημν , while the bulk indices have been distin-
guished by (A, B). Note that, after boosting the black brane solu-
tion in Eq. (2.7), the metric (2.8) describes a uniform boosted black
brane moving at velocity β i , and one obtains a solution with more
parameters which can then be related to the degrees of freedom of
the dual boundary ﬂuid [11]. In addition, another underlying idea
is that the boosted black brane solution will be related to a dual
ﬂuid solution of constant velocity.
As we know, if one expects to obtain the transport coeﬃ-
cients like shear viscosity η of ﬂuid, the ﬂuid should be with
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with non-constant velocity is to perturb the ﬂuid away from equi-
librium, i.e. promoting the constant velocity to xi and v-dependent
functions, then one can ﬁnd the equations of motion satisﬁed by
ﬂuid perturbation. On the dual gravity side, this can be achieved
by promoting the parameters in the boosted black brane solution
(2.8) to functions of boundary coordinates xμ [11,12]. Since the
parameters now depend on the boundary coordinates, the solution
(2.8) is no longer a solution of the equation of motion (2.2), extra
correction terms are needed to make (2.8) with non-constant pa-
rameters to be a solution. It is useful and convenient to deﬁne the
following tensors
WAB = RAB + 4gAB + 1
2g2
(
F AC B
C
B + 1
6
gAB F
2
)
, (2.10)
WA = ∇B F B A − κcsABCDE F BC F DE , (2.11)
where the convention vxyzr = +√−g has been used. Note that,
the right-hand side of Eq. (2.10) is in fact equivalent to the left-
hand side of Eq. (2.2), i.e. instead of the Ricci scalar with the
Maxwell ﬁled in Eq. (2.2). Therefore, the solutions of equation mo-
tions should satisfy WAB = 0 and WA = 0. In addition, when the
parameters become functions of boundary coordinates xμ , WAB
and WA no longer vanish for (2.8) with non-constant parameters,
and are proportional to the derivatives of the parameters. These
terms are the source terms which will be canceled by extra correc-
tion terms introduced into the metric and Maxwell ﬁeld. It should
be pointed out that there is a trick to obtain the extra correction
terms. According to Refs. [11,12], one can ﬁrst obtain the extra cor-
rection terms at the origin xμ = 0. Then, the extra correction terms
at any point can be simply obtained by making the extra correc-
tion terms at the origin xμ = 0 into a covariant form. More details,
in order to obtain the extra correction terms at the origin xμ = 0,
one can ﬁrst expand the parameters around xμ = 0 to the ﬁrst or-
der
βi
(
xμ
)= ∂μβi|xμ=0xμ, M(xμ)= M(0) + ∂μM|xμ=0xμ,
Q
(
xμ
)= Q (0) + ∂μQ |xμ=0xμ (2.12)
where β i(0) = 0 have been assumed at the origin, and we only
consider the ﬁrst order case in our manuscript. Obviously, by con-
struction here xμ are small quantities which can be counted like  .
Moreover, since the power of xμ and the order of derivatives are
always equal in every term of the Taylor expansion in (2.12), the
small xμ expansion is equivalent to the relativistic hydrodynamic
limit which is frequently taken in the ﬂuid/gravity literatures, i.e.
∂v ∼  and ∂i ∼  . Therefore, the ﬁrst order source terms can
be obtained by inserting the solution (2.8) with (2.12) into WAB
and WA . By choosing an appropriate gauge like the background
ﬁeld gauge in [11] (G represents the full metric)
Grr = 0, Grμ ∝ uμ, Tr
((
G(0)
)−1
G(1)
)= 0, (2.13)
and taking into account the spatial SO(3) symmetry preserved
in the background metric (2.7), the ﬁrst order correction terms
around xμ = 0 needed to compensate for the source terms are [11]
ds2(1) =
k(r)
r2
dv2 + 2 h(r)√
f (rc)
dv dr + 2 ji(r)
r2
dv dxi
+ r2
(
αi j(r) − 23h(r)δi j
)
dxi dx j, (2.14)
A(1) = av(r)dv + ai(r)dxi . (2.15)
Note that, the region interested in is between the outer horizon
and cutoff surface r+  r  rc . By requiring a cancellation between
the effects of correction and source terms, one obtainsh(r) = Ch2 + Ch1r4 ,
av(r) = Ca2 + Ca1
r2
− 2Ch1gQ√
3r6
√
f (rc)
,
k(r) = Ck2 + Ck1r2 − 2Ch2r
4
f (rc)
+ 4Ch1(−Q
2 + Mr2)
3r6 f (rc)
+ 2Ca1Q√
3gr2
√
f (rc)
+ 2r
3∂iβi
3
√
f (rc)
,
αi j(r) = α(r)
{
(∂iβ j + ∂ jβi) − 23δi j ∂kβ
k
}
, (2.16)
where α(r) is
α(r) =
r∫
rc
s3 − r3+
−s5 f (s)
√
f (rc)ds, (2.17)
and the Dirichlet boundary condition at r = rc , regularity of the
bulk ﬁelds at the future horizon have been used to obtain α(r).
In addition, h(r) is solved from Wrr = 0, while av(r) is solved from
Wr = 0 or Wv = 0, and k(r) is solved from Wvv = 0 or Wvr = 0.
ji(r) and ai(r) are more diﬃcult to solve since they couple with
each other. For details on how to solve their equations see [49].
Therefore, the extra correction terms at the origin are obtained,
and hence the extra correction terms at any point of the whole
cutoff surface can be constructed from the extra correction terms
at the origin by making them into a covariant form [11,12], which
ﬁnally gives the ﬁrst order perturbative solution for the bulk.
Given the ﬁrst order perturbative solution for the bulk, we are
able to extract information of the dual ﬂuid using the gravity/ﬂuid
correspondence. According to the correspondence, the stress tensor
Tμν of dual ﬂuid residing at the cutoff surface with the induced
metric γμν is given by [31,44–48]
Tμν = 2(Kμν − Kγμν − Cγμν), (2.18)
where γμν is the boundary metric obtained from the well-known
ADM decomposition
ds2 = γμν
(
dxμ + V μ dr)(dxν + V ν dr)+ N2 dr2, (2.19)
the extrinsic curvature is Kμν = − 12 (∇μnν + ∇νnμ), and nμ is the
unit normal vector of the constant hypersurface r = rc pointing
toward the r increasing direction. Note that, here and hereafter
we mainly investigate the stress tensor of dual ﬂuid Tμν residing
on the spacetime γμν , which will be found to be more consistent
with the next section and suﬃcient for the discussion. In addi-
tion, the term Cγμν is usually related to the boundary counterterm
added to cancel the divergence of the stress tensor Tμν when the
boundary r = rc approaches to inﬁnity, for example C = 3 in the
asymptotical AdS5 case. However, in our case with ﬁnite bound-
ary there is no divergence of the stress tensor, the reason that we
still add the boundary counterterm is to compare with the results
obtained for rc approaches inﬁnity.
For the dual charged current at the ﬁnite cutoff surface, it can
be computed via
Jμ = lim
r→rc
r4c
1√−γ
δScl
δ Aˆμ
= − lim
r→rc
r4c
N
g2
(
F rμ + 4κcs
3
rμρστ Aρ Fστ
)
, (2.20)
where Aˆμ is the gauge ﬁeld Aμ projected to boundary.
It is obvious that there are nine parameters Ch1, Ch2, Ck1, Ck2,
Ca1, Ca2, C j1, C j2 and C in the stress tensor and charged current
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stants C j1 and C j2. In order to extract useful information on the
dual ﬂuid, one needs to ﬁx these parameters. In Ref. [49], after
considering the consistency which deduces Ck1 = 0, C = 3 for the
comparison. The Dirichlet boundary condition has also been cho-
sen like
h(rc) = 0, k(rc) = 0, ji(rc) = 0,
av(rc) = 0, ai(rc) = 0, (2.21)
and the underlying physics of this boundary condition is to keep
the induced metric γμν to be ﬂat metric or conformal to ﬂat met-
ric, thus has a well-deﬁned boosted transformation at the cutoff
surface. In addition, the following conditions are also chosen
T (1)vv = 0, T (1)vx = 0, J v(1) = 0 (2.22)
where T (1)vx = 0 is a gauge choice which relates to the fact that one
can always choose a suitable coordinate system to make the ﬂuid
with zero velocity. In addition, the physics of other two conditions
can relate to assume that there are no perturbation of energy den-
sity and charge density at the cutoff surface. Therefore, excluding
Ck1 and C , there are seven independent parameters that can be set
freely. Note that, ji(rc) = 0 and ai(rc) = 0 are in fact one equation
since ai(r) can be obtained from ji(r) as shown in [49]. Hence,
these seven independent parameters can be just totally ﬁxed by
the boundary conditions in (2.21) and (2.22).
Therefore, the nine parameters can be ﬁnally ﬁxed as
Ch1 = − ∂iβir
3
c
4
√
f (rc)
, Ch2 = ∂iβi
4
√
f (rc)rc
, Ck1 = 0,
Ca1 = −
√
3gQ ∂iβi
2 f (rc)rc
, Ca2 = gQ ∂iβi√
3 f (rc)r3c
,
Ck2 = −∂iβi(−10M + r
4
c )
6 f (rc)3/2rc
, C j1 = 0,
C j2 = ∂vβxr3c
(−1+√ f (rc) )+ Q ∂xQ − ∂xMr2c
r3c
√
f (rc)
,
C = 3. (2.23)
Consequently, the nonzero components of Tμν , i.e. the energy
stress tensor of dual ﬂuid residing at the cutoff surface with the
induced metric γμν , are
T (0)vv = 6
(
1−√ f (rc))r2c , T (0)ii = −4M + 6(1−
√
f (rc))r4c
r2c
√
f (rc)
,
T (1)i j = −2r3+σi j/r2c , (2.24)
which can be further rewritten into a covariant form
Tμν = ρUμUν + pΠμν − 2ησμν, (2.25)
where
Uμ = rcuμ, Πμν = γμν + UμUν = r2cημν + UμUν,
σμν ≡ 1
2
ΠμαΠνβ(∇αUβ + ∇βUα) − 1
3
Πμν∇αUα. (2.26)
From (2.25), one can read out the energy density ρ , pressure p
and shear viscosity η of the dual ﬂuid at the cutoff surface
ρ = 6(1−√ f (rc) ), p = −4M + 6(1−
√
f (rc))r4c
r4c
√
f (rc)
,
η = r3+/r3c . (2.27)Obviously, the dual ﬂuid obtained at the ﬁnite cutoff surface is
indeed not conformal because the trace of Tμν is nonzero, i.e.
ρ = 3p has been broken. This result is consistent with that in
Ref. [35], and expected from the fact that the conformal symme-
try has been broken with a ﬁnite radial coordinate in the bulk.
However, the bulk viscosity which can also break the conformal
symmetry is absent.
The zeroth- and ﬁrst-order charged current of the dual ﬂuid are
given by
Jμ(0) =
2
√
3Q
g
uμ =: nuμ, (2.28)
Jμ(1) = −κ Pμν∂ν
(
μ
T
)
+ σE Eμ + σB Bμ + ξωμ, (2.29)
where n is particle number density and
Eμ = F˜μνuν, Bμ = 1
2
μνρσ uν F˜ρσ ,
ωμ = μνρσ uν ∂ρuσ . (2.30)
Note that, here F˜μν is deﬁned at the cutoff surface r = rc through
Aμ =
√
3gQ
r2c
√
f (rc)
uμ , and the chemical potential is deﬁned as
μ = Av(rc) − Av(r+) =
√
3gQ√
f (rc)
(
1
r2+
− 1
rc2
)
, (2.31)
where M , Q and r+ are not constants.
The transport coeﬃcients are found to be
κ = 16π
2r7+T 3+
g2r10c
√
f (rc) f ′(rc)2
, σE = 16π
2r7+T 2+
g2r10c f ′(rc)2
,
σB = −8Q (3r
2
c − 2r2+)κcs√
3gr2+r2c
√
f (rc)
+ 24
√
3Q 3(r2c − r2+)2κcs
gr4+r9c
√
f (rc) f ′(rc)
,
ξ = −12Q
2(r2c − r2+)2κcs
r4+r4c f (rc)
+ 48Q
4(r2c − r2+)3κcs
r6+r11c f (rc) f ′(rc)
, (2.32)
which can reproduce the results for inﬁnite boundary if we take
the limit rc approaches inﬁnity.
3. The new conditions and bulk viscosity
Note that, excluding Ck1 and C , the stress tensor and charged
current of dual ﬂuid at ﬁnite cutoff surface in fact depend on the
seven parameters Ch1, Ch2, Ck2, Ca1, Ca2, C j1 and C j2, since the
stress tensor Tμν is
T (0)vv = 2
(
C − 3√ f (rc) )r2c ,
T (0)ii =
−4M + 2(3− C√ f (rc))r4c√
f (rc)r2c
,
T (1)vv = −2 ∂iβi rc + 6
√
f (rc)r
2
c h(rc) +
(−2C + 9√ f (rc))k(rc)
r2c
+ 2√ f (rc)r3c h′(rc),
T (1)vi = −
Q ∂i Q
f (rc)r5c
+ ∂iM
f (rc)r3c
− ∂vβi rc
+ 2 (−Q
2 + (2− C√ f (rc) + 3 f (rc))r6c ) ji(rc)√
f (rc)r8c
−
√
f (rc) j′i(rc) ,
rc
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∂kβk(2M − 3r4c )
3 f (rc)r3c
+ 2
(
−Cr2c +
−2M + 3r4c√
f (rc)r2c
)
aij(rc) −
√
f (rc)r
3
c a
′
i j(rc)
+ 2δi j
((
2cr2c
3
+ 5(2M − 3r
4
c )
3
√
f (rc)r2c
)
h(rc)
− 2
3
√
f (rc)r
3
c h
′(rc)
)
+ 2δi j
(
(−2M + (3− 2 f (rc))r4c )k(rc)
2
√
f (rc)r6c
−
√
f (rc)k′(rc)
2rc
)
(3.1)
while the charged current is
J v(1) = −
2
√
3Q h(rc)
g
+
√
3Q k(rc)
gr4c
+
√
f (rc)r3c a
′
v(rc)
g2
,
J i(1) = −
2
√
3Q ji(r+)
gr4+
−
√
3Q ∂vβi
gr+
√
f (rc)
−
√
3Q ∂iM
gr+r4c f (rc)3/2
−
√
3∂i Q (−Q 2 + r6c f (rc))
gr+r6c f (rc)3/2
− 4κcsQ
2(r4+ − 3r4c )
r4+r4c f (rc)
 i jk ∂ jβk,
(3.2)
where jx(r+)/r4+ is complicated, and the result can been found in
Appendix C of Ref. [49]. Obviously, from the review in the above
section, we need choose new conditions to ﬁx these seven param-
eters to ﬁnd out the bulk viscosity of dual ﬂuid.
Note that, since the boosted transformation relates to the ﬂat
metric or conformal ﬂat metric, the Dirichlet boundary condition
in (2.21) can be still imposed, which can keep the boundary in-
duced metric γμν conformal to ημν and ﬁx the boundary geome-
try. Therefore, a way for obtaining the new conditions is relaxing
the conditions in (2.22). In this Letter, we ﬁnd out that a simple
way to obtain the rest equations to ﬁx the seven parameters can be
T (1)vv = 0, T (1)vx = 0, J v(1) = 0, h(r) ≡ 0 (3.3)
where the underlying consideration is that the gauge choice should
be kept, and hence a simple case is relaxing T (1)vv = 0 in (2.22)
that relates to the nonzero perturbation of energy density. In fact,
from the physical point of view, it is natural and necessary to turn
on the perturbation of the energy density of ﬂuid, i.e. T (1)vv = 0,
since otherwise the compressional effects of the ﬂuid is not ex-
pected to be observed. Note that, after relaxing T (1)vv = 0 in (2.22),
one equation will be lacked to ﬁx the seven parameters. We ﬁnd
that this equation can be completed through another simple con-
dition h(r) ≡ 0, i.e. h(rc) = 0 and h′(rc) = 0, which can still keep
the Dirichlet boundary condition (2.21). Therefore, after consider-
ing the above conditions, the nine parameters can be ﬁnally ﬁxed
Ch1 = 0, Ch2 = 0, Ck1 = 0, Ca1 = 0, Ca2 = 0,
C = 3, Ck2 = − 2∂iβir
3
c
3
√
f (rc)
, C j1 = 0,
C j2 = ∂vβxr3c
(−1+√ f (rc) )+ Q ∂xQ − ∂xMr2c
r3c
√
f (rc)
(3.4)
where Ch1, Ch2 are from h(r) ≡ 0. Ck2, Ca1 and Ca2 are from re-
quiring av(rc) = 0, k(rc) = 0 and J v(1) = 0. Two constants C j1, C j2
contained in ji(r) can be ﬁxed by T
(1)
vx = 0 and ji(rc) = 0.After inserting (3.4) into (3.1)–(3.2), the nonzero components of
stress tensor Tμν are
T (0)vv = 6
(
1−√ f (rc) )r2c , T (0)ii = −4M + 6(1−
√
f (rc))r4c
r2c
√
f (rc)
,
T (1)vv = −2 ∂iβi rc, T (1)i j
= −2r
3+σi j
r2c
+ 2rc(2Q
2 − 2Mr2c − r6c )
3(Q 2 − 2Mr2c + r6c )
∂iβi, (3.5)
which can be further rewritten in a covariant form
Tμν = ρUμUν + pΠμν − 2ησμν − ζ θΠμν, (3.6)
where
Uμ = rcuμ, Πμν = γμν + UμUν = r2cημν + UμUν,
θ = ∇μUμ,
σμν ≡ 1
2
ΠμαΠνβ(∇αUβ + ∇βUα) − 1
3
Πμν∇αUα, (3.7)
and the energy density ρ , pressure p, shear viscosity η and bulk
viscosity ζ are
ρ = 2(3− 3√ f (rc))− 2θ, p = −4M + 2(3− 3
√
f (rc))r4c
r4c
√
f (rc)
,
η = r
3+
r3c
, ζ = −2(2Q
2 − 2Mr2c − r6c )
3(Q 2 − 2Mr2c + r6c )
. (3.8)
Note that, the stress tensor Tμν of the dual ﬂuid resides on the
spacetime γμν = r2c ημν . The bulk viscosity indeed appears in this
simple case, and it can be found that the bulk viscosity is always
positive between the region r = r+ and r = rc by using the Hawk-
ing temperature T+  0 in (2.5). In addition, the term −2θ in the
energy density ρ can be considered as the perturbation of energy
density δρ . Since the parameters C j1,C j2 related to the charged
current are same, the charged current under the new conditions
keeps same as (2.29).
4. Conclusion and discussion
In this paper, we mainly investigate the possibility to ﬁnd out
the bulk viscosity of dual ﬂuid at the ﬁnite cutoff surface via
ﬂuid/gravity correspondence. In Ref. [49], it has been shown that
the dual charged ﬂuid can be generalized from inﬁnite bound-
ary to ﬁnite cutoff surface. Although the generalization of dual
charged ﬂuid from inﬁnite boundary to ﬁnite cutoff surface via the
gravity/ﬂuid correspondence is straightforward, there are some im-
portant differences between the inﬁnite and ﬁnite case. First, the
stress tensor and charged current at the ﬁnite cutoff surface can
depend on several undetermined parameters. Excluding the two
parameters Ck1 and C , one need choose suitable boundary con-
ditions and gauge to ﬁx the other seven parameters, which means
that different dual physics may be corresponded at the ﬁnite cutoff
surface. Second, the dual ﬂuid at ﬁnite cutoff surface is no longer
conformal, which can be expected from the fact that the confor-
mal symmetry has been broken with a ﬁnite radial coordinate in
the bulk. It should be pointed out that although the dual ﬂuid at
ﬁnite cutoff surface is non-conformal, but it is usually with zero
bulk viscosity in the ﬂuid/gravity literatures [49,55]. Usually, the
nonzero bulk viscosity can also break the conformal symmetry of
dual ﬂuid. Therefore, in this Letter we mainly focus on ﬁnding out
the holographic bulk viscosity at the ﬁnite cutoff surface, which is
based on [49] and uses the gravity/ﬂuid correspondence. Our re-
sults show that the nonzero bulk viscosity can indeed be obtained
Y.-P. Hu et al. / Physics Letters B 732 (2014) 298–304 303in the dual ﬂuid at the ﬁnite cutoff surface after one chooses a
new conditions. Moreover, besides the bulk viscosity term, one can
also ﬁnd a new term related to the perturbation of energy density,
which can be expected because the bulk viscosity is related to the
compressional effects of the ﬂuid.
It should be emphasized that in this Letter we just consider
a simple case to ﬁnd out the holographic bulk viscosity at the
ﬁnite cutoff surface, which is achieved by choosing a new sim-
ple condition in (3.3). In fact, we have also investigated another
boundary conditions instead of h(r) ≡ 0 in (3.3), i.e. relaxing the
boundary condition h′(rc) = 0. Then, the results can lead to one
more physical degree of freedom of the dual ﬂuid, i.e. perturbation
of the pressure [33]. Concentrating on the holographic bulk viscos-
ity, we just use the simpler case h(r) ≡ 0 in this Letter. However,
whether there are other conditions that can be chosen to obtain
the nonzero bulk viscosity is still an interesting open question.
Moreover, there have been other methods and work to investigate
the bulk viscosity [50–58]. Thus the comparison between our re-
sults and their results is necessary for the future work. Note that,
if one does not use the conditions in (2.22), a general form of T (1)μν
can be found in Ref. [58]. After comparing with their result (3.52)
in [58], we can ﬁnd that our result (3.6) is in fact consistent with
their, since the 4-acceleration of Ua in our case is zero, while the
perturbation of energy density term in (3.6) is just the last term
in (3.52) in [58]. However, since we discuss different background
in the bulk, thus the values of transport coeﬃcients are different.
Moreover, as discussed in [58], there is an ambiguity for the ex-
tra correction term g(1) in (2.14). Our extra correction term g(1)
in (2.14) is chosen under the gauge in (2.13), which is different
from their choices in [57,58]. Therefore, it may be another rea-
son to obtain different transport coeﬃcients, which is also needed
to be further studied. In addition, our stress tensor of dual ﬂuid
Tμν resides on the spacetime γμν = r2c ημν , while their results re-
side just on ημν [57,58]. Since γμν is conformal to ημν , thus the
stress tensor of dual ﬂuid resides on ημν usually can be obtained
by making a conformal transformation of Tμν . However, since the
trace of Tμν is usually nonzero, i.e. expressing a non-conformal
dual ﬂuid at the ﬁnite cutoff surface, thus the stress tensor of dual
ﬂuid resides on ημν cannot be simply obtained by making a con-
formal transformation of Tμν . Therefore, the conformal symmetry
breaking properties of the dual ﬂuid at ﬁnite cutoff surface is also
an interesting issue to be focused on.
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